
Formal DP Solution to Romer’s Baseline RBC Model 
 
Technology: Production function:   

 1
t t t tY K (A L ) , 0 1α −α= < α <  (1.1) 

Capital accumulation: 

 t 1 t t 0K (1 )K I , 0 1,K 0+ = − δ + < δ ≤ ≥  (1.2) 

National accounts:  

 t t t tY C I G= + +  (1.3) 

Population: 

 tL 1, for all t=  (1.4) 

Technology shocks: 

 t t, t t 1 t, tlog A log A gt A  where A A with | |<1 and ~ [0,1]−= + + = ρ + ε ρ ε η% % % (1.5) 

Government expenditure shock:  

 , 1 , tlog log    | |<1 and ~ [0,1]−= + + = +% % %t t t G t t GG G gt G where G G withρ η ρ η η (1.6) 

1. Preferences 

 0 0 0 [ ,1 ] with [ ,1 ] log ln(1 )t
t t t ttU E u C l u C l C b lβ∞

=≡ − − = + −∑  (1.7) 
 
2. Information  

 t-s 1 -1   are known at time t ;  given   .t s and andε η ε η− −  (1.8) 



Competitive Equilibrium 
 
A competitive equilibrium in an RBC economy is a stochastic process for the collection  

 0{ , , , , , , , , }∞=t t t t t t t t t tC l V K L A G Y I  (1.9) 
and prices  
 0{ , }∞=t t tr w  (1.10) 
such that: 
 
Households: Taking the stochastic process 0{ , }∞=t t tr w as given, the representative HH solves: 
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t tt

c lt t t

U E u C lβ  (1.11) 
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 (1.12) 

This problem gives the optimal 0{ , , }∞=t t t tC l V .  
 

Firms: Taking the stochastic process 0{ , }∞=t t tr w as given, the representative firms solves: 

 1

{ , } 0

max ( ) ( ) ,   t−
∞
=

≡ − − − ∀t t t t t t t
K Lt t t

K A L w L r Kα απ δ  (1.13) 

 
This problem gives the optimal{ , } 0

∞
=K Lt t t . 

 1 1: ( )t t t t tK r K A Lα αδ α − −− =  (1.14) 

 1: (1 )t t t t tL w K A Lα α αα − −= −  (1.15) 
Markets clears for all t: 
 

• wt clears the labor market: =t tl L  
• rt clears the capital market: =t tK V  

 



Optimal Allocation (the Social Planner’s Problem): 

0 0,
max [ ,1 ]t

t ttc lt t
E u C lβ∞

= −∑      subject to: 

t 1 t t 0K (1 )K I , 0 1, K 0+ = − δ + < δ ≤ ≥  

t 1
t t tY K (A L ) , 0 1−α

α= < α <                          t t t tY C I G= + +  

t t, t t 1 t, tlog A log A gt A  where A A with | |<1 and ~ [0,1]−= + + = ρ + ε ρ ε η% % %  

, 1 , tlog log    | |<1 and ~ [0,1]−= + + = +% % %t t t G t t GG G gt G where G G withρ η ρ η η  

Control variables: [ , ]t tc L     State variables: [ ]tK   Shock: [ , ]t tA G  

Bellman Equation for this problem: 

1 1 1
,

( , , ) max{ ( ,1 ) [ ( , , )]}t t t t t t t t t
C lt t

V K A G u C l E V K A Gβ + + += − +  

subject to:  

1
t 1 t t t t t tK (1 )K K (A L ) C Gα −α
+ = − δ + − −  

t t, t t 1 t, tlog A log A gt A  where A A with | |<1 and ~ [0,1]−= + + = ρ + ε ρ ε η% % %  

, 1 , tlog log    | |<1 and ~ [0,1]−= + + = +% % %t t t G t t GG G gt G where G G withρ η ρ η η  

In matrix notation: 
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FOC: 

Ct: 
'

1 1 1( ,1 ) { '( , , )} 0c t t t t t tu C E v K A Gβ + + +− − =l      (1.16) 

or, 
'

1 1 1( ,1 ) { '( , , )}c t t t t t tu C E v K A Gβ + + +− =l       (IT Euler equation)  

 

:tl   { }1
1 1, 1

' '( , ,( )[(11 0) ]) t t t t tt t t tu C v K A G KE Aα α ααβ − −
+ + + −− − + =l l l  (1.17) 



Use the Envelope Theorem:     

1 1
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E
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    where   1
1 (1 ) ( )t t t t t t tK K K A L C Gα αδ −

+ = − + − −  

{ }{ }1 1
1 1 1'( , , ) '( , , ) (1 ) ( )t t t t t t t t t tV K A G E V K A G K A Lα αβ δ α − −

+ + +
⎡ ⎤= − +⎢ ⎥⎣ ⎦

 

Using the FOC for Ct  (1.16) : '
1 1 1( ,1 ) { '( , , )}c t t t t t tu C l E v K A Gβ + + +− =   yields,  

{ }1 1 ''( , , ) (1 ) ( ) ( ,1 )t t t t t t c t tV K A G K A L u C lα αδ α − −⎡ ⎤= − + −⎢ ⎥⎣ ⎦
    (1.18) 

Iterating this expression forward to t+1: 

{ }1 1 '
1 1 1 1 1 1 1 1'( , , ) (1 ) ( ) ( ,1 )t t t t t t c t tV K A G K A L u C lα αδ α − −
+ + + + + + + +

⎡ ⎤= − + −⎢ ⎥⎣ ⎦
  (1.19) 

Substituting  (1.18) in (1.16),  

{ }{ }' 1 1 '
1 1 1 1 1( ,1 ) (1 ) ( ) ( ,1 )c t t t t t t c t tu C l E K A L u C lα αβ δ α − −
+ + + + +

⎡ ⎤− = − + −⎢ ⎥⎣ ⎦
 

 

And then replacing (1.19) in (1.17), we have: 

{ }{ }' 1 1 1 '
, 1 1 1 1 1( 1 ) [(1 ) ] (1 ) ( ) ( ,1 )l t t t t t t t t t c t tu C l K l A E K A L u C lα α α α αβ α δ α− − − −

+ + + + +
⎡ ⎤− = − − + −⎢ ⎥⎣ ⎦

 

 

Making use of the log utility function:  [ ,1 ] log ln(1 )− = + −t tu C l C b l  yields: 

 [ ] { }1 1
1 1 1

1

1 1 (1 ) ( ): t t t t
t

t
t

E K A L
C C

C α αβ δ α − −
+ + +

+

⎧ ⎫⎡ ⎤= − +⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
 (1.20) 

 [ ] 1 1[(1 ) ]
1

: t t t
t t

t
b K l Al
l C

α α αα − −= −
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 (1.21) 

 
• Wages and labor supply : From (1.21) and (1.15) we have:  

 1 1 1[(1 ) ]  or 
1 1

t
t t t t

t t t t t

wb bK l A w
l C C l C

α α αα − −= − = =
− −

 (1.22) 

When t
t

t

w l
C

↓⇒ ↓ . 

 
• Impacts of shocks and (booms and recessions): 

o Transitory Technology shock: tA ↓  



1[(1 ) ]
1

t
t t t t

t

bC K l A w
l

α α αα − −= − =
−

, If , s
t t t tA w C l L↓⇒ ↓ ↓ ↓⇒ ↓ .  

Labor supply and wages move in the same direction… 

o Transitory Government expenditure Shock:  

, s
t t tG l w L↑⇒ ↑⇒ ↓ ↑   

Labor supply and wages move in opposite directions… 

• Solving the model: 

 [ ] { }1 1
1 1 1

1

1 1 (1 ) ( ): t t t t
t

t
t

E K A L
C C

C α αβ δ α − −
+ + +

+

⎧ ⎫⎡ ⎤= − +⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
  

 
Assuming δ=1, t+1(1 ) ,  and Kt t tC s Y sY= − =  
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1 ,  therefore, s=
s
αβ αβ=  
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1

: t t t
t t

t
b K l Al
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−
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and replacing s αβ=  in the last expression we have: 

 
1

1 (1 )tl b
α

α αβ
−

=
− + −

 

 
Compare to Romer’s Equation (4.37) (labor force participation rate is constant).  

 



Log-linearization and methods:  

Taking log to the equation (1.1):  

t t t tlog Y log K (1 )[log A log L ]= α + −α + , also we know 

t+1K * ,  where s* is a constantts Y=  and *tL l= , therefore: 

t t 1 t tlog Y logs log Y (1 )[log A log L ]−= α +α + −α + , collecting 

terms we have: 

1log [ log * (1 ) log ] log (1 ) logt t tY s l Y Aα α α α−= + − + + − .  

Using (1.5) and the last expression: 

1log [ log * (1 ) log ] (1 ) log log (1 )[ ]t t tY s l A Y gt Aα α α α α−= + − + − + + − + %  or 

1log [ log * (1 ) log ] (1 ) log [log ] (1 )t t tY s l A gt Y gt Aα α α α α−− + − − − − = − + − %  

1

1 1

(1 ) ,  

where log [ log * (1 ) log ] (1 ) log ,  and [log ]
t t t

t t t t

Y Y A

Y Y s l A gt Y Y gt

α α

α α α α
−

− −

= + −

= − + − − − − = −

%% %

% %  

From equation (1.5) t t 1 t, tA A with | |<1 and ~ [0,1]−= ρ + ε ρ ε η% %  

1 1  (1 )[ ]t t t tY Y Aα α ρ ε− −= + − +%% % or 1 1  (1 ) (1 )t t t tY Y Aα α ρ α ε− −= + − + −%% % .  

Using “lag operator” notation: 

 

(1 ) (1 )

(1 )
t t

t t

L Y A

L A

α α

ρ ε

− = −

− =

%%

%
  

which implies (1 )(1 ) (1 )t tL L Yα ρ α ε− − = −% . 




