Formal DP Solution to Romer’s Baseline RBC Model

Technology: Production function:

Y, =K*(AL)™Y, 0O<a<l (1.1)
Capital accumulation:
Ky =(1-8)K; +1;, 0<3<1,Ky20 (1.2)
National accounts:
Y, =C; +1; +G; (1.3)
Population:
L, =1, forall t (1.4)
Technology shocks:

log A =log A +gt +At’ where A, =pA_; + g¢, with [p|<1 and & ~n[0,1](1.5)
Government expenditure shock:

log Gy =logG + gt + G, where Gy = pgGy_; + 7, With |pg|<1 and 77 ~77[0,1](1.6)
1. Preferences

2. Information

&_s and n,_¢ are known at time t ; given &_; and 77.. (1.8)



Competitive Equilibrium

A competitive equilibrium in an RBC economy is a stochastic process for the collection

{Ci. I, Vi, Ke, Li, AL G Y, i 2o (1.9)

and prices

(s Welt2o (1.10)
such that:

Households: Taking the stochastic process {I,W }{—oas given, the representative HH solves:

t

max - Ug = EgX=o A ulC,1- 1] (1.11)

{ctslt =g
subject to
Vt+l = (1+ I’)Vt +Wt|t _Ct
. . t 1 (1.12)
Vo >0 given lim_,  EgITg_ V; 20
1+71g

This problem gives the optimal {C;, l,V; }{=g -

Firms: Taking the stochastic process {I, W }{—qas given, the representative firms solves:

max 7= KE (ALY —wLy - (f —8)Kq, V't (1.13)
{Kt’Lt};iO

This problem gives the optimal {Kt, Lt }— -
Ki:h—6 = aK& (AL (1.14)
L :w = (1—a)KEA415% (1.15)
Markets clears for all t:

e w clears the labor market: |, = L4

o rclears the capital market: K; =V,



Optimal Allocation (the Social Planner’s Problem):

max Eg Y2 o AU[Cy,1- ]
Ct,|t

subject to:

Kiy =(1-0)K;+I;, 0<6<1l, Ky=0

Y, =KL (AL)T%,  O0<a<l Y, =C,+1, +G,

logA; = logK+gt+At, where At = pAt_l +&;,  with [p[<l and &; ~n[0,]1]
logG; =logG + gt+(§t’ where Gt = PGé‘t—l +1;, With |pg|<1 and 7, ~7[0,1]
Control variables: [¢;,L;] State variables: [K;] Shock: [A,G;]

Bellman Equation for this problem:

V(Kt, A,Gt) = fotlal?ti{U(Ctal—|t)+,BEt[V(Kt+1a'°t+1aGt+1)]}

subject to:

Kt =(1-8K +K{H (ALY ™ -C -G,

logA; = logg+gt+z&t, where At = PAt—l +¢¢, with |p|<l and &; ~n[0,1]

log Gy =logG + gt + Gy, where Gy = pgGy_y + 1, With |pg|<1 and 7, ~ 7[0,1]
In matrix notation:

Kt+1 (1- 8K + K& (ALY -C, -Gy
logA |=| logA+gt+ A, Where A = pA_| + &
log Gt logC_5+ gt +ét, where G~t = pGét—l +77t

FOC:

Ce: Ug (Crol=£1) = BEAV'(Kps s As1Gtap)} = 0 (1.16)

or, Ug (Cy,1=04) = BEV'(Ki o1, A+1,Gs1)} (1T Euler equation)

b U (Co 1= 0)+ BE V(K1 A G DI - KE A1) =0 )



Use the Envelope Theorem:

oV(K)

a—KrﬁE{

oV (K,,,) oK
oK

t+1

oK,

:| where Kt+l = (1—5)Kt + Kta(At Lt )1—0.’ _Ct _Gt

t+1
' _ ' a—1 -

V'(Kt, A,Gy) = S {V (Kt+1»At+l»Gt+1)|:(1_5)+{0‘Kt (ALt) }}}

Using the FOC for C; (1.16) :U;(Ct,l—lt) = LEAV' (Kt 11, A41,Grip)} yields,

V(K AL G = (1-8)+{akE T (AL)™ | |u ol -1 (118)
Iterating this expression forward to t+1:
V(K A Gran) =| (1=8)+{ KT (Al ™ Jue Gl = ko) (L.19)

Substituting (1.18) in (1.16),

e Coot 1) = B 1-0) +{aKET (Ao ™ e Corni =)

And then replacing (1.19) in (1.17), we have:

(e =10 = A - KT AT (1-8)+ ke (Aol ™ oo Carst =)

Making use of the log utility function: u[C;,1-I;]=1ogC +bIn(1-1) yields:

1 o _)] 1
[C¢ 1] C—t:ﬂEt {[(1—5)+{aKt+11(At+1Lt+1)1 }}Ct 1} (1.20)
b 1

[l = =11 a)KE* AT (1.21)
e Wages and labor supply : From (1.21) and (1.15) we have:
b 1 1 b _w

—=[1- KA = w— or —-

= (1.22)

When & = I 3.
Ct

e Impacts of shocks and (booms and recessions):

0 Transitory Technology shock: A J



bC,

- :[(I_Q)Ktalt_aAtl_a]:Wt,IfAt\1/3Wt \L,Ct\LIt \L:> LSNL
N

Labor supply and wages move in the same direction...
0 Transitory Government expenditure Shock:

Gt T:> It T:> W \L, I_S T

Labor supply and wages move in opposite directions...

e Solving the model:

(Gl CL:'BEt{[(1_5)+{“KﬁTI(A¢+1|—t+1)l_“ﬂ ! }

t Cit1

Assuming 6=1, C; =(1-5)Y;, and K41 =sY;

1 K& (At+1|-t+1)l_a 1
Ci: = BE tl
[ t ] (1-9)Y / I{HQ Kist H (1—3)Yt+1}

el
(I-5)Y Yy | [(1=5)Yi41

=4 g, therefore, s=af
S

. b —(1_ aj—o l—aL
['t-]l_lt—[(l )K"l ™ A ]Ct
RPN S S
[hll—h_(1 ey,
1P gl
el =0y

and replacing S = aﬂ in the last expression we have:

_ -«
1-a+b(l-ap)

I

Compare to Romer’s Equation (4.37) (labor force participation rate is constant).



Log-linearization and methods:

Taking log to the equation (1.1):

log Y; =alog K + (1—a)[log A +log L], also we know

Kis1 = S*Y;, where s* isa constant and L, =1+, therefore:

log Yy =alogs+alog Yi_g +(1—a)[logA¢ +logLi],  collecting
terms we have:

logY; =[alogs*+(1—a)logl]+alogY;_; + (1—a)log A .

Using (1.5) and the last expression:

logY; =[alogs*+(1—a)logl]+ (1—-e)log K+a|oth_1+(1—a)[gt+ ,5{] or
logY; —[alogs*+(1—a)logl]-(1-a)log A- gt = aflogY;_; — gt]+ (1—05)'5t

Y =aY; 1+ (1-a)A,

where Y; =logY; —[alogs*+(1-a)logl]- (1—a)log A—gt, and Y;_; = aflogY;_; — ot]
From equation (1.5) At =pA¢ 1 +&¢ with |p|<1 and & ~n[0,1]

Y =aYig+(1-a)pA_g+& 10T Vi = aYi g+ (L-a)pA_g +(L-a)s .

Using “lag operator” notation:

(L-al)¥; =(1-a)A
(L-pL)A =&

which implies @-al)@-pL)Y, = 1-a)s.





